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Abstract. Let 1 < p < oo. It is shown that if G is a discrete group with 
the approximation property introduced by Haagerup and Kraus, then the non- 
commutative L P (V N(G)) space has the operator space approximation prop- 
erty. If, in addition, the group von Neumann algebra VN(G) has the QWEP, 
i.e. is a quotient of a C*-algebra with Lance's weak expectation property, then 
L P (VN(G)) actually has the completely contractive approximation property 
and the approximation maps can be chosen to be finite-rank completely con- 
tractive multipliers on L P (VN(G)). Finally, we show that if G is a countable 
discrete group having the approximation property and VN(G) has the QWEP, 
then L P (V N(G)) has a very nice local structure, i.e. it is a COC p space and 
has a completely bounded Schauder basis. 



1. Introduction 

Approximation properties for Banach spaces were first studied by Grothendieck 
|l"7| . The corresponding non-commutative analogue of Grothendieck's program has 
been developed and successfully applied to operator algebras, and more recently to 
operator spaces. These non-commutative approximation properties have played a 
crucial role in the study of von Neumann algebras and C*-algcbras (particularly, 
for group von Neumann algebras and group C*-algebras). For example, it is well- 
known (from [^9) , H and || ) that a discrete group G is amenable if and only if the 
reduced group C*-algebra C* ed (G) is nuclear (respectively, the group von Neumann 
algebra VN(G) is injective). Some weaker conditions (i.e. weak amenability and 
approximation property) for locally compact groups have been studied by Haagerup 
and Kraus (see |L9| and (2(|). It was shown in |2(| that a discrete group G has 
the approximation property (or simply, AP) if and only if C* ed (G) has the operator 
space approximation property (or simply, OAP) of Effros and Ruan (^] (respectively, 
VN(G) has the weak* OAP of Kraus ^8|). The approximation property for a group 
G is also closely related to its Fourier algebra A(G), which can be identified with 
the operator predual of VN(G). Since a dual operator space V* has the weak* 
OAP if and only if V has the OAP (see @), we can conclude that a discrete group 
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G has the AP if and only if its Fourier algebra A(G) has the OAP (see §2 for a 
direct proof). 

Non-commutative L^-spaces (for 1 < p < oo) are also very important in the study 
of non-commutative harmonic analysis and non-commutative probability theory. 
Given a von Neumann algebra R, we may isometrically identify L\(R) with the 
predual i?» of R. However, it is very important to note that since we usually use 
the trace duality between R and i?*, the correct operator space matrix norm on 
L\(R) should be given by the opposite operator space matrix norm on i?*, i.e. we 
should completely isometrically identify L\{R) with (RA op = (i? op )* (see detailed 
explanations in §3). Then we may use Pisier's complex interpolation method to 
obtain a canonical operator space matrix norm on the non-commutative L p (R) 
space. The purpose of this paper is to study the approximation properties for 
non-commutative L P (VN(G)) spaces associated with discrete groups G. Our main 
results can be stated as follows. 

Theorem 1.1. Let 1 < p < oo. If G is a discrete group with the AP, then 
L p (VN(G)) has the OAP. 

Using a similar technique, we can also prove (in Proposition |3.5| ) that if G is 
a weakly amenable discrete group and 1 < p < oo, then L p (VN(G)) has the 
completely bounded approximation property. 

It is known by Grothendick j[7) (see f3"l| ) that if a Banach space dual V is 
separable and has the Grothendieck's approximation property, then V actually has 
the contractive approximation property. The separability can be removed if V is a 
reflexive space (see §). At this moment, we can not obtain such a general result 
for operator space duals. However, we may obtain the following result with an 
additional assumption that VN(G) has the QWEP introduced by Kirchberg |p5| , 
i.e. VN(G) is a quotient of a C*-algebra with Lance's weak expectation property. 
A C*-algebra A is said to have the weak expectation property if for the universal 
representation 7r : ^4 = — > B(H), there is a completely positive and contractive map 
P : B(H) -> „4** such that P o tt = id A (see Lance Q). 

Theorem 1.2. Let 1 < p < oo. If G is a discrete group with the AP and VN(G) 
has the QWEP, then L p (VN(G)) has the completely contractive approximation 
property. 

Combining Theorem 1.2 and the recent results in pi|, we can show in Theorem 



5.1 that if G is a countable discrete group satisfying the conditions given in Theorem 
1.2, then L p (V N (G)) has a very nice local structure, i.e. it is a COC p space and 
has a completely bounded Schauder basis (see definitions in §5). This is a quite 
surprisng result, and it is only true for 1 < p < oo. Indeed, for p = 1, it is known 
from and gl] that L x (yN(G)) = VN{G)7 (equivalently, VN(G)A is a COd 
space if and only if VN(G) is an injective von Neumann algebra. For p = oo, 
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we need to consider the reduced group C* -algebra C* ed (G), and it is known from 



ll| that C* ed (G) is a COCoo space if and only if C* ed (G) is a nuclear C*-algebra. 
Therefore, in the case of p = 1 or oo, this can only happen when a discrete group 
G is amenable. 

The paper is organized as follows. In §2, we recall some necessary notions and 
results on operator spaces and completely bounded multipliers of Fourier algebras, 
and we clarify some simultaneous convergence properties for completely bounded 



multipliers of C* ed (G) and A(G) (see Propositions |2_J and |2.3| ). In §3, we recall 
the complex interpolation for operator spaces introduced by Pisier p3[ and recall 
non-commutative L P (R) spaces arising from von Neumann algebras R. Since we are 
mainly interested in the case of group von Neumann algebras VN(G) for discrete 
groups G, it suffices to consider von Neumann algebras with normal faithful tracial 
states. The readers are refered to (^7), Q and [jl6| for non-commutative 

Lp-spaces arising, by complex interpolation, from general von Neumann algebras. 
We prove Theorem 1.1 in §3, and prove Theorem 1.2 in §4. Motivated by an 



argument given in [|20| Theorem 2.1], we are able to show in Theorem iA that the 
completely contractive approximation maps in Theorem 1.2 can actually be chosen 
to be completely contractive multipliers on L P (VN(G)). This result will be very 
useful in non-commutative harmonic analysis. We end the paper by §5, in which we 
study the local structure and completely bounded Schauder basis for L p (VN(G)) 
spaces. We include some interesting examples of countable residually finite discrete 
groups G with the AP, for which the L p (VN(G)) spaces are COC p spaces and have 
completely bounded Schauder bases. 

We wish to thank Quanhua Xu for discussions (with the second author) on 
the subject and some details concerning the complex interpolation method and 
approximation properties. 

2. Preliminaries 

We assume that the readers are familiar with the basic notions in operator al- 
gebras and operator spaces. The readers are refered to Takesaki's book |39| and 
Stratila's book S| for details on operator algebras, and are refered to Paulsen's 
book |32j, the recent book of Effros and Ruan [Q, and Pisier 's book |35| for the de- 
tails on operator spaces and completely bounded maps. We recall that an operator 
space V is said to have the completely bounded approximation property (or simply, 
CBAP) if there exists a net of finite-rank maps T a : V — > V such that ||T a || c j < A 
for some constant A and T a — > idy in the point-norm topology on V, i.e. we have 
\\T a {x) - x\\ -v for all x £ V. We let 

(2.1) A(V) = inf{A} 

denote the CBAP constant of V. An operator space V is said to have the com- 
pletely contractive approximation property (or simply, CCAP) if A(V) = 1. In B, 
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Effros and the second author studied the operator space analogue of Grothendieck's 
approximation property for Banach spaces. We recall that an operator space V is 
said to have the operator space approximation property (or simply, OAP) if there 
exists a net of finite-rank maps T a : V — > V such that T a — > idy in the stable 
point-norm topology on V, i.e. we have \\T a <g> id oc (x) — x\\ -> for all x G V&Koo, 
where <S> denotes the operator space injective tensor product. It is easy to see that 
CBAP implies OAP. 

Let us assume that G is a discrete group. The left regular representation A : 
G -> B{l 2 {G)) is defined by 

(2.2) A(s)£(t) = £(s-H) 

for all £ G £ 2 (G) and s,t G G. If we let A(C[G]) = span{A(s), s G G}, then the 
reduced group C* -algebra C* ed (G) and the group von Neumann algebra VN(G) are 
the norm closure and the weak* closure of A(C[G]) in B(£2(G)), respectively. The 
Fourier algebra 

A(G) = {/ : f(t) = (X(t)C | v) for some £,ry G 4(G)} 

is the space of all coefficient functions of the left regular representation A. Given 
/ G ^4(G), its norm is given by 

11/11 =inf{|K||N|: f(t) = (A(t)C I V)}- 

It was shown by Eymard ]lq] that A(G) with this norm and the pointwise multi- 
plication m is a (contractive) commutative Banach algebra. Moreover, there is a 
natural operator space matrix norm on A(G) obtained by identifying A{G) with 
the operator predual VN(G)* of VN(G). With this operator space matrix norm, 
the multiplication m : A(G) x A(G) ~> A(G) is completely contractive in the sense 
that 

WMfaMM < WlfiM II Mil 

for all [fij] G M m (A(G)) and G M n (A(G)), and thus A(G) is a completely 
contractive Banach algebra (see Q and p7||). 

A function ip on G is called a multiplier of A(G) if m v (f) = ipf maps A(G) into 
A{G). It is easy to show from the closed graph theorem that if (p is a multiplier 
of A(G), then the map m v : A(G) — > A(G) is automatically bounded. If the map 
rn v is completely bounded on A{G), we call y a completely bounded multiplier of 
A(G). We let MoA(G) denote the space of all completely bounded multipliers of 
A(G), which is equipped with the cb-norm on A(G). It is clear that if <p G A(G), 
then the multiplication map m v : A(G) — > -A(G) is completely bounded with 

||"vlU < ll^ll- 

Therefore, we have a norm decreasing inclusion A(G) Afo^4(G). If G is an 
amenable group then A(G) MqA(G) is an isometric inclusion. 
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Amenability is one of the most important subjects in harmonic analysis. We 
recall that a group G is amenable if and only if A(G) has a contractive approximate 
identity. If we let A C (G) denote the space of all elements in A(G) with compact 
supports, then A C (G) is norm dense in A(G) and thus the amenability of G is 
equivalent to the existence of a net of tp a G A C (G) such that \\^p a \\ < 1 and m Va — > 
id,A(G) m the point-norm topology. Haagerup introduced a weaker amenability 
condition for G in fl9|| . Let us recall that a group G is said to be weakly amenable 
if there exists a net of tp a G A C (G) such that ||m,p a || c b < A for some constant A 
and m iPa — > «g?a(G) m the point-norm topology. It is clear from the definition that 
amenability implies weak amenability, but the converse is not true (see , j| and 

It is also known that A1qA(G) equipped with the cb-norm is a dual space. It has 
a predual Q(G), which is the closure of ^i(G) under the norm given by 

II/IIq = su P {| f f(tMt)dt\-. tp e MqA(G), |M|c& < 1} 

JG 

(see ^lj, Q and pp| , §1]). A group G is said to have the approximation property 
(or simply, AP) if there exists a net of {ip a } in A C (G) such that m lpa — > id^Q) 
in the a(MoA(G), Q(G)) topology. It was shown by Haagerup and Kraus |2(| that 
weak amenability implies AP, but the converse is not true (see G = 1? x SL(2, Z)). 

Given tp G M A(G), the adjoint map M v = m* : VN(G) -> VN{G) is a weak* 
continuous completely bounded map on VN(G), which satisfies 

M„(A(t)) = p(t)A(t). 

Since M v maps C* ed (G) into C* ed (G), it also induces a completely bounded map 
M v : C* ed (G) —* C* ed (G). All these maps have the same cb-norm, i.e. we have 

||«VlU = IIM^IU = IIM^Ucfc. 

Let us write = B(£ 2 ), = K(l 2 ) and = K(l 2 )* = B(l 2 )*, and let ® 
and ® denote the normal spatial and operator space projective tensor products, 
respectively. Then for any tp G MqA(G), we may obtain completely bounded maps 
m v c^id 00 , H ip ®id OQ and M^id^ on A(G)®K oa , C* ed{G) ^K^ and VN{G)®M OQl 
respectively. Given a G WV^G^Moo and / € ^(G)®^, we may define a bounded 
linear functional u a j on MoA(G) given by 

(2.3) «w(y>) = (M v ® idociajj). 

We may similarly define bounded linear functionals on Afo^4(G) by considering 

(2.4) u a j{ip) = (M v ® idoo(a), /) 
for a G G^G)®^ and / G (G^G)®^)*, and 

(2.5) uj a j(ip) = {a, m v <g) idoo(f)} 
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for / G A(G)®K oa and a 6 (A(G)®K 00 )* . Haagerup and Kraus proved in [pol 



Propositions 1.4 and 1.5] that the bounded linear functionals defined in (2.3) and 



(fO|) are all contained in Q(G), and on the other hand, all linear functionals in 



Q(G) have such forms. We note that this is also true for (2.5). We summarize 
these in the following proposition. 

Proposition 2.1. (Haagerup and Kraus p0[) Let G be a discrete group. Then 



the bounded linear functionals defined in (2.3), (2.4) and ( p.q ) are all contained in 
Q(G), and we actually have 

Q{G) = {u aJ : a G WV(G)®Moc, / G A(G)^T o0 } 

= {Cu aJ : a G C* red {G)®Koo, f G (G r * ed (G)®Koo)*} 
= {Cj aJ : f e A(G)i§K 00 , a S (^(G)®^)*}. 



Proof. We only need to study (|2.5| ) and the last equality. Given / G ^(G)®^^, 
a G (A(G)cg>-ftToo)* = FiV^C)®!^ and e > 0, it is known from the operator space 
theory (see || and |l2|]) that we may write 

(2.6) a = aafi = [^J aijdjkPki] 

j,k 

for some Hilbert-Schmidt matrices a = [ay],/3 = [/?&;] G HS^ with ||a|| 2 = ||/3||2 = 
1 and a = [a jk ] G VN(G)®M OCJ with ||a|| < ||a|| + e. Then for any ip G M A(G), 
we have 

u a ,f(<p) = {a, m ip ®id 00 (f)) = (aaf3, m^cgiidooif)) 
= (M lp ®id 00 (a),a tr fj3 tr ) = w s , a tr // ,*r(^). 

Since a tr f(3 tr G ^(G)®^, we can conclude from the first equality that ui a j — 
u>aa tr f3 tr is an element in Q(G). 

On the other hand, given any ui G Q(G), it is known from |2(], Proposition 
1.5] that we can write u> = uj a j for some a G VN(G)®Moo and / G A(G)(t>T rx> . 
Using a similar caluculation as that given in (^1]) , we may write / = af (3 for some 
a,/3 G HSoa and / G A{G)®K OQ , and thus 

CJ = UJ aJ = Q.J 

with a = a tr a/3 tr G ViVfG)®^ = (A(G)®K 00 )* . □ 



Proposition 2.1 shows that a net of completely bounded multipliers {ip a } con- 
verges to (p in the er(Afo^4(G), Q(G)) topology if and only if the corresponding net 
of completely bounded maps {m v J converges to m v (respectively, {M Va } con- 
verges to M v ) in the stable point-weak topology. If G is a discrete group, then 
every element tp in A C (G) has a finite support, and thus m v is a finite-rank map 
on A(G) (respectively, M v is a finite-rank map on C* ed (G)). It follows that G 
has the AP if and only if there exists a net of {fa] in A C {G) such that the finite- 
rank maps m<p a converge to Ha{G) (respectively, M Va converge to idc (g)) i n 
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the stable point-weak topology. By a standard convexity argument we may ob- 
tain a net of {<p a } in A C (G) such that m^ a — > id,A(G) in the stable point- norm 
topology. This gives a direct proof that G has the AP if and only if A(G) has the 
OAP. Similarly, we can also find a (possibly different) net of {iip} in A C (G) such 
that — » in the stable point-norm topology. The following proposi- 

tion shows that we can actually choose the same net of {y> a } in A C (G) such that 
m Va ~ * *^A(G) an d M Va — » simultaneously. 

Proposition 2.2. Lei G be a discrete group with the AP. Then there exists a net 
of {tp a } in A C (G) such that m Va — > idAOa) ^ n ^ e stable point-norm topology on 
A{G) and M Va — > id^* d (G) ^ n the stable point-norm topology on C* ed (G). 

Proof. It suffices to show that given any / £ A(G)®Koo, a £ C*(G)®Koo and 
e > 0, we can find an element cp £ A C (G) such that 

\\m,p ® idoo(f) - /|| < £ and ||M V ® id^a) - a|| < e. 

If F = - , f n } is any (non-empty) finite subset of (C*(G)<g)-K' 00 )*, then 

we have u) a ,fi G Q{G), and it follows from Proposition 2.1 that there exist 5j £ 
yiV(G)®Toc and /j £ A{G)®K OQ such that 

Since G has the AP, there exists <pp £ -A C (G) such that 

(/)-/ll<e 

and 

llm^j, (8>idoo(/i) - /i|| < ,„ , ^ (forl<«<n), 

where we let K = max{||5i||}. It follows that 

\{M VF ® idoo(a) - a, fi)\ = \u> a ,fi(fF - 1)| = |w a j.(<^F - 1)| 

= Kffli, m„, F <8>idoo(/i) - /i)| < -• 

n 

Then we get a net of elements {<^_f} in A C (G), which is indexed by finite subsets F 
of ((^(GO&Xoo)*, such that 

||m yF <g> «*«,(/) -/|| < s 

for all and M VF — > id^* (gq in the stable point-weak topology. By a standard 
convexity argument, we may find an element <p £ A C {G) such that 

\\m v ® idaaif) - /|| < £ and ||M V ® id^a) - a\\ < e. 

□ 
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Haagerup |19 proved that if G is weakly amenable, then 
(2.7) A(G) = A(A(G)) = A(G* ed (G)) < oo. 

Using a similar argument to that given in Proposition |2.2| , we can obtain the fol- 
lowing proposition for weakly amenable groups. 

Proposition 2.3. Let G be a weakly amenable discrete group. Then there exists a 
net of {<p a } in A C {G) such that 

IKJU = \\M 9a \\cb < A(G) 

and m Va — > id^c) and M {fia — > idc* (G) in the point-norm topologies on A(G) 
and C* ed (G), respectively. 

Proof. Let us outline the proof. First, let us fix arbitrary / £ A(G) and a 6 
C; ed (G). If F = {/i, •••,/„} is a finite subset of G r * ed (G)*, we have u aJi € Q(G) 
and thus there exists 5j £ VN(G)<§T 00 and fi 6 ^G)®-/^ such that 

Since G is weakly amenable, for any e > there exists i^p £ A C (G) such that 
||«V F || cfc < A(G) < oo and 

\\m VP (f)-f\\ <s 

and 

\\m lfiF ® id^ifi) - < , r . 1 | -t (for 1 < i < n), 

n(K + 1) 

where we let K — max{||S,i||}. Then we can show as the proof given in Proposition 
2.2 that M VF — > idc* d (G) m the point-weak topology, and thus there exists (p in 
the convex hull of {<^f} for which 

\\m v \\d,= \\M v \\ d ,<A(G) 

and 

\\m v (f) - f\\ < s and \\M<p(a) - a\\ < e. 

A similar argument can be applied to arbitrary finite collection of elemets in A(G) 
and C* ed (G), and this completes the proof. □ 

3. Approximation Properties for L p (VN(G)) 

Let us first briefly recall some basic notions from the complex interpolation 
theory (see A pair of Banach spaces (V, W) is said to be a compatible couple 
if there is a topological vector space X and continuous inclusions V > X and 
W <— > X, which allow us to identify V (~l W and V + W in X. Then there is a 
canonical Banach space norm on V H W given by 

IMIvrw = max{||x||y, ||a:||iy}, 
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and a canonical Banach space norm on V + W given by 

IM|v+w = inf{|M|y + \\w\\ w : % = v + w}. 

Let S denote the strip {z G C : < Kez < 1} in the complex plane C and let 
S° denote the interior of S. We let T denote the collection of all continuous and 
bounded functions / : S — > V + W such that 

(1) / is analytic on 5°, 

(2) f(it) G V and /(l + it) G W for all * G M, 

(3) /(it) -> and /(l + it) -» as t -> oo. 

It is clear that T is a vector space. Actually, is a Banach space with the norm 
given by 

ll/l^ = max{sup{||/(it)||v: t € K.}, sup{||/(l + it)|| w : t £ M}}. 

For < 6* < 1, the space 

(V, W) 9 = {fl 6 y + W : a = /(6») for some f e T} 

is called the complex interpolation of (V, W). This is a Banach space with the norm 
given by 

||a|| e = inf{||/||^: a = f(9)JeT}. 

If V and W are operator spaces, Pisier Q showed that there is a canonical operator 
space matrix norm on (V, W)o given by 

(3.1) M n ((V, W) e ) = (M n (V),M n (W)) e 
for all n G N. 

Let i? be a von Neumann algebra with a normal faithful tracial state r. For 
1 < p < oo, the non-commutative L P (R) space is defined to be the closure of R 
under the p-norm 

\\X\\ P =T{{X*X)1)$. 

We usually write L oc (R) — R. The trace r induces a canonical contractive embed- 
ding ji : R—> i?» given by 

(3.2) (h(x), y) = r(xy). 

With this embedding, (R, R*) is a compatible couple of Banach spaces, and we 
actually have the isometry 

(3.3) L P (R) = (R,R*) L 



for 1 < p < oo (see Kosaki 27 1). 
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However, we have to be very careful about their operator space matrix norms. 
In the operator space theory it is custumary to use the following parallel duality 
paring 

n 

(3.4) ~< [/%], [a i:i ] y= £ fccy = Tr(f3a op ) 

between T n = M* and M n . The reason to use this parallel duality paring instead 
of the trace duality paring 

n 

(3.5) ([/%], [ctij]) = ^2 Pij a ]i = Tr{(3a) 

is that we will be able to get the complete isometry 

M n {V)* = T n ®V* 

for every operator space V. Therefore, if we wish to use the trace duality paring 
(^), we should define 

Lx(i?) = (R°P)* = (R*)°p, 

for which we can obtain the complete isometry 

L x (M n ®R) =T n ®L l {R). 

The opposite operator space (i?*) op can be isometrically identified with but is 
equipped with the opposite operator space matrix norm 

ll[/^]|| = ll[/^]|| 

for all [/ 2 ° p ] € M n ((R^)° v ). Then we may use (3.1) to obtain a canonical operator 
space matrix norm on L p (R) given by 

(3.6) M n (L p (R)) = (M B (iZ),M n (ZiCR)))i. 

p 

The following proposition shows that we can replace R in (^]^) and ( |3.6| ) by a weak* 
dense C*-subalgebra of R. 

Proposition 3.1. Let R be a von Neumann algebra with a normal faithful tracial 
state t and let B be a weak* dense C* -subalgebra of R. For 1 < p < oo, we have 
the complete isometry 

p 

Proof. Let us first consider the isometry case. Given any 1 < p < oo, there exists 
a positive number q such that 1 < q < p. It follows from the reiteration theorem 
(see |l| §4.6) that we have the isometry 

L P (R) = ((i2,Li(fl)) 0s (ii,Li(ie))i)i - {R,L q {R)), p . 

Since L q (R) is a reflexive space, we also have the isometry 

(£>, L q (R))*q = (£*,L 9 (i?)*), - OMi?), £*)!_, 
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(see |l| §4.5), where q' — -^j is the conjugate exponent to q. Since BCii, there is 
a canonical contractive inclusion 

(B,L q (R))sL -» (R,L q (R))i = L P (R), 

from which we obtain a canonical contraction (by taking the adjoint) 

L p ,(R) = L P (R)* -f (V(#),#*)i-f- 

If we let Tq denote the space of elements having the form 

N 

f(z) = exp(Xz 2 ) 2J exp(X n z)x n 

n=l 

with A > 0, N G N, A„ 6 K and a;„ G L q >(R) flB'C Li(R), then it is known from 
|lj that ^"o is dense in T (with respect to the compatible couple (L q >(R), £>*)) and 
thus the space of elements /(l — ~) with / € is norm dense in {L q i{R),B*)x_±. 
If / G Tq then for every i G R, we have 

||/(1 + it)|| B . = Bup{|T(/(l + *t)y)| : yGB,||tf|| < 1} 

= sup{|r(/(l + it)y)\ : y e R, \\y\\ < 1} = ||/(*f)lk(fl) 
by the Kaplansky's density theorem. This shows that we actually have the isometry 

L p ,(R) = (L q ,(R),B*)i-±, 

and thus the isometry 

L P (R) = (B, L q (R))sL. 

It was shown in Wolff jl2|, Theorem 2] that if we are given Banach spaces Vi 
(i = 1,2,3,4) such that V% D V4 is norm dense in V 2 and V3, and (V2, Vi)e = V3, 
(Vi, V 3 ) = V 2 for some < 0, < 1, then we have (Vi, Vt^ = V 2 for £ = Trf^- 
Now if we let V x = B,V 2 = L p {R), V 3 = L q (R) and V 4 = Li(R), and let 6 = ^g^y 
and 4> = 2, then we obtain £ = | and the isometry 

Lp(i2) - (B,Li(ii))i 

p 

by Wolff's result. 

For each n G N, we have the contractive linear isomorphisms 

M n {{B,L x (R)) k ) = {M n (B),M n (L 1 (R)))i -> (Af„(ii), M„(Li(ii))) 1 = M n (L p (R)), 

V V V 

and 

M n ((B,Li(iJ)) 1 ) = (A/ n (B),M n (LiCR))) 1 -► {M n {R\M n (L x {R))) 1 - M n {L p ,(R)). 

P P P 

Then by duality, we must have the isometry 

M n {L p (R)) = (M n (B), M n (Li(R)))i. 

P 

□ 
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If G is a discrete group, then we have a canonical normal faithful tracial state r 
on VN(G) given by 

(3.7) t(x) = {xS e | S e ), 

where S e is the characteristic function at the unit element e G G. In this case, 
(C* ed (G), L 1 (VN(G) j) is a compatible couple with the canonical embedding ji : 
C* red {G)^L x {VN{G)) given by 

(3.8) ii(A(s)) = <J s -i =S S 

for all seG. Given a function ^ : G — > C, we let <^> be the function on G defined 
by ip(t) — <p(t ). For 1 < p < oo, we have the complete isometry 

L P (VN{G)) = (C* ed (G) , Li (VN (G) ) ) i 



by Proposition 3.1, and have a canonical (contractive) inclusion 

j p :C: ed (G)^L p (VN(G)), 

for which the range space jp(C* ed (G)) is norm dense in L p (VN{G)). If we let p' be 
the conjugate exponent top, then the duality between L p (VN{G)) and L p i(V N(G)) 
is given by 

(3.9) (i P (A(s)), v(A(t)))=r(A(*)A(t)) 

for all s,t eG. 

In this case, the space Li(VN(G)) can be explicitly expressed as follows. First let 
us recall that there is a normal *-anti-automorphism k on the group von Neumann 
algebra VN(G) defined by 

K^a^))^^^ 1 ) 

i i 

(see [[38| and ]l4[]). Since k is a normal *-anti-automorphism on VN(G), we must 
have 

IM[*d)|| = |M 

for all [xij] € M„(F7V(G)). Its pre-adjoint map k* induces an isometry on A{G) 
which satisfies 

\\{K*U[fa])\\ = \\[fii]\\ 

for all [fij] £ M n {A{G)). Then we may completely isometrically identify Li(VN(G)) 
with n*(A(G)) = {k*(/) = / : / e A(G)} and thus obtain 

l|[/dll = M 

for [fij] g M„(Li(VJV(G0)). 
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If ip is a completely bounded multiplier on A(G), we can prove that ip is a 
completely bounded multiplier on L\{VN(G)) such that ||m^|| c b = Hm^Hcf,. To see 
this, let us assume that tp G MqA(G). Then for any / 6 Li(VN(G)), we have 

mM) = $! = i<ff) = «*(¥>/) G ii(VJV(G0). 

This shows that 

(3.10) m(p = k„ o m v o 

is a well-defined multiplier map on L\(VN{G)). Since 

= l|[«,^/«)]|| = ||[^/ J i]|| = ||K(/ ii )]|| 

for every [/„■] g M„(Li(ViV((jr))), we can conlcude that 

(3.11) ll"ty>l|c& = ll^Uci,. 

In general if T is a completely bounded map (respectively, a complete isometry) 
on A(G), then T induces a completely bounded map (respectively, a complete 
isometry) 

on L 1 (VN(Gj), which satisfies 

imuHiriu 

As a consequence we may replace the approximation maps m iPa on A(G) in Propo- 
sition 2.2 and Proposition 2.3 by the corresponding maps m^ a on L±(VN(G)) and 



obtain the following modified result. 

Proposition 3.2. If G is a discrete group with the AP, then there exists a net of 
{f a } in A C (G) such that m^ a — > idL^VNlG)) * n the stable point-norm topology on 
Li(V N(G)) and M Va — > ic?c , » (g) m ifte stable point-norm topology on C* ed (G). 

If G is a weakly amenable discrete group, then there exists a net of {tp a } in 
A C (G) such that 

IKJU= \\M v J cb < A(G) 

and m l p a — > «<ii 1 (vAr(G)) an <^ M Vq — > idc* (gj in i/ie point-norm topologies on 
Li(V N(G)) andC; ed (G), respectively. 

Proposition 3.3. Given ip e Mo^G), (M v ,to^) is a compatible pair of com- 
pletely bounded maps on the compatible couple (C* ed (G) , Li(V N (G))) . 

Proof. Assume that we are given tp 6 MqA{G). For any s,t S G, we have 
{niM^Xis))), X(t)) = (j 1 (ip(s)X(s)), \(t))=<p(s)r(\(s)\(t)) 

and 

(m^( J1 (A( S )), X(t)) = ^(t- 1 )r(A( S )A(t)) - p(*)r(A(a)A(t)). 
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This shows that 

ii(M v (A( S )))=m^(ji(A(s)) 
for all s6G. Since A(C[G]) is norm dense in C* ed (G), we obtain 

(3.12) ji o M v = mq, o j u 

and thus (M^to^) is compatible pair on (C* ed (G), L 1 (VN(G))). □ 

Remark 3.4. Let ® h denote the Haagerup tensor product for operator spaces (see 
|l2"| ). If (Vi, Wi) with (i = 1,2) are compatible couples of operator spaces, Pisier 
proved in Q Theorem 2.3 that (Vi (S> h V 2l W\ ® h W 2 ) is again a compatible couple 
of operator spaces and we have the complete isometry 

(3.13) (Vi ® h V 2 , Wi ® h W 2 ) e = (F X! W x )e ® h (V 2 ,W 2 )e- 

It is also known that for arbitrary operator space V, we have the complete isometry 

(3.14) V&Koo = C ® h V ® h R, 

where C and R are column and row operator Hilbert spaces over £ 2 . It follows from 
( [3.13| ) and (3.14) that we have the complete isometry 



(V, W)g®K OQ = (V®Koc,W®Koo)e 

for arbitrary compatible couple of operator spaces (V,W). In particular for 1 < 
p < 00, we have the complete isometry 

L P (VN(G))®K 00 = (C r * ed (G)«)ir oo ,Li(yiV(G))®i<r oo )i. 

p 

Proof of Theorem 1.1. We need to show that for every a E L p (VN(G))®K oc and 
£ > 0, there exists a finite-rank map T on L p (VN(G)) such that 

\\T <Z> idooia) - a|| < e. 

Since L P {VN(G))®K 00 = {C* JG)>SiK 00 , Li(VN(G))^K QO )i, there exists a con- 
tinuous and bounded map 

/ : S -> C* red {G)®Koo + LitVNiGfi&Koo 

in T such that a = /(£). Since f(it) £ C* ed (G)^iK 00 and f(it) —* as t — > 00, 
the set {f(it)}t£R is contained in a compact subset of C* ed (G)®K 00 . Then there 
exists an element (x n ) £ C* ed (G)®K oc ®CQ such that {f(it)}t^s, is contained in the 
norm closure of the convex hull of {x n } in C* ed (G)^K OQ . Similarly, there exists an 
element (y n ) £ L 1 (VN(G))<^K 00 ^Co such that the set {/(l + ii)} t£ R is contained 
in the norm closure of the convex hull of {y n } in Li(VN(G))<E)K 00 . Since G has 
the AP and we may identify Koo^cq with a closed subspace of K^^Koo = Koq, it 
follows from Proposition [T^ that there exists tp £ A C (G) such that 

\\M v ,®id 00 (f(it))-f(it)\\ <e 
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and 

||m ® idoo(/(l + it)) - /(l + it) || < e 

for all teR. We wish to thank Quanhua Xu, who pointed out this trick to the 
second author. 

Since (M v , m^) is a compatible pair of finite-rank maps on (C* ed (G), L\ (VN(G)j), 
this induces a well-defined finite-rank map T on C* ed (G) + L\(V N (G)) such that 
(T ® zdoo) o f e T and T ® id oc (a) — T ® id<»(/(j;))- Then we have 

(^^^(a) - o||i,(W(G))(8Jf«, ^ 11(^(8^00)0/- /|| 

= max{sup{||M v ®id 00 (f(ii)) - /(it)|| c . jg)®^}) 

sup{||m^ (8) idoo(/(l + it)) - /(l + i^lL^viVfG))®^}} < £ - 
teR 

This completes the proof. □ 
Using a similar argument, we can easily prove the following proposition. 

Proposition 3.5. Let G be a weakly amenable discrete group and 1 < p < 00. 
Then L p (VN(G)) has the CBAP with 

A(Lp(VN(G))) < A(G). 

Proof. If G is weakly amenable, then there exists a net of {fa} in A C (G) such that 

\\m J cb = \{M Va \\d,< A(G) 

and m ( p Q — > i(ii 1 (yjv(G)) an d A/^ - * *^c* (G) m the point-norm topology. For 
each a, it is known from the complex interpolation theory (see Pisier |33|, Propo- 
sition 2.1]) that {Mtp a ,mp a ) induces a completely bounded finite-rank map T a on 
L p {VN{G)) such that 

\\T a \\ cb <\\M^\^\\m^\\i<k{G). 

The fact that T a — > id^, (vjv(g)) m the point-norm topology follows from a similar 
argument that given in the proof of Theorem 1.1. □ 

4. Completely Contractive Approximation Property for L p (VN(G)) 

Given an operator space V, we let T(V, V) denote the space of all (completely) 
bounded finite-rank maps on V. Then we may identify the algebraic tensor product 
V* ® V with T(V, V) via the map 

u e V* (g> V -> F u = ^2 fi ® 

The X-ball of J-(V, V) is refered to as the set of all elements in T G F(V, V) with 
1 1 T 1 1 c t> < A- We first need the following lemma. 
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Lemma 4.1. Let V be an operator space and 1 < A < oo. Then A(V) < A if and 
only if for every e > 0, idy is contained in the stable point-norm closure of the 
{l + e)\-ball ofF(V,V). 

Proof. •<=: Given any finite subset S = {v\, • • • , v n } of V and e > 0, we let / = {a} 
denote the index set consisting of all such a = {S, e}. Then there is a canonical 
partial order on / given by a < a' if and only if s' < e and S C S'. 
Given any a — {S, s} £ /, we let 

M = max{||^|| : v,E S} + 1. 

Since idy is contained in the stable point-norm closure of the (1 + ^)A-ball of 
T{V,V), there exists a finite-rank map T : V -> V such that ||T|| c6 < (1 + -§j)\ 
and — Vi\\ < e for all Vi e S. Then T a = , T is a finite-rank map on V 

such that ||T a || c b < A and 

WTaiv^-ViWKj^-WTiv^W + WT^-ViWKiX + ^e. 

1 + M 

This shows that T a — ► idy in the point-norm topology and thus A(V) < A. 

=>: This is obvious since if A(V) < A, then there exists a net of finite-rank maps 
T a on V such that ||T Q || c f, < A and T a — > irfy in the point-norm topology. This 
implies that T a — > idy in the stable point-norm topology, and thus irfy is contained 
in the stable point-norm closure of the A-ball of J-(V, V). □ 

Given operator spaces V and W, we have the (complete) isometric inclusions 

CB(V, W) CB(V, W**) s< {v®w*y. 

Then every u S V®!^* determines a bounded linear functional F„ on CB(V, W) 
with 

ll^ll < IMUh- 

To see this, suppose that we are given an element u e V®W*. Wc define F u : 
CB{V, W) -> C to be given by 

^(T) = a[ffkiCr(««))]0 

if we can write w = a(w <g) g)(j for some a e M 1;OC 2, w = [u^] e V®!^, 5 = [flta] € 
W*®K oa and /3 S M^ j. It is clear that this is a well-defined linear functional on 
CB(V, W) and 

\F U {T)\ < \\a\\ \\v\\\\g\\ \\/3\\\\T\\ cb 
for all T e CB{V, W). This shows that 

\\F U \\ < mf{|M| ||v|| \\g\\ : u = a(v ® g)[3} = \\u\\ vm ,. 
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Moreover, it was shown in [|o| that these maps F u with u <E V(k>W* are exactly 
the continuous linear functionals with respect to the stable point-norm topology on 
CB(V,W). 

Theorem 4.2. Let R be a von Neumann algebra with a normal faithful tracial state 
and with the QWEP, and let 1 < p < oo. If V is a complemented operator subspace 
of L p (R) and V has the OAP, then V has the CBAP such that 

HV) < \\p\U 

where P is a completely bounded projection from L p (R) onto V . 



Proof. From Lemma 4.1, it suffices to show that for every e > the identity map 
idy is contained in the stable point-norm closure of the (l+e)||P|| c fc-ball of J-(V, V). 
Suppose not, i.e. suppose that there exists an e > such that idy is not contained 
in the stable point-norm closure of the (1 + e)||P|| c b-ball of T{V, V). Then there 
exists a stable point-norm continuous linear functional F on CB(V, V) such that 
F{id v ) = 1 and \F{T)\ < 1 for all T <E F{V,V) with ||T[[ c6 < (1 + e )|[P|| c6 . The 
latter condition is equivalent to saying that we have 

|F(T)I s tttI^ 

for all T G J-(V,V). Since V*®V can be identified with the cb-norm closure of 
V* ®V = J-(V, V) in CB(V, V), F can be identified with a bounded linear functional 
on V*®V, which is still denoted by F, with norm 

(l + £ )||P|| c6 - 

We let X(V*, V*) denote the space of all completely integral maps from V* into 
V* , and let J\f(V*, V*) denote the space of all completely nuclear maps from V* into 
V* (see details in |l(J and |jl2|). For 1 < p < oo, L p (R) is a reflexive space. Then 
the closed subspace V of L p (R) is also reflexive, and thus we have the isometry 

X{V*,V*) = {V*®V)*. 

Since V has the OAP, we have the isometry 

M{V\V*) = V**®V* = V®V*. 

Together with the QWEP condition on R, Junge Q proved that we actually have 
the isometry 

X{V*,V*) = J\f(V*,V*) = V®V*. 
Then we may choose an element u € V®V* such that F = F u and 

- 11*1 < {1 + e )mW 
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Since V has the OAP, there exists a net of finite-rank maps T a £ F(V, V) such 
that T a — » idy in the stable point-norm topology. Then we obtain a contradition 
since 

l=F(id v ) = ]im\F(T a )\=]im\F u (T a )\ 

a a 

= \F u {id v )\ < \\u\\ v ^ v ,\\id v \\ cb < - + £ j|| P || - < !• 
This shows that A(V) < ||P|| C 6. □ 

Since CBAP implies OAP, we may obtain the following proposition from Theo- 
rem [T^ by considering V = L p {R) and P = id Lp ^ R y 

Proposition 4.3. Let R be a von Neumann algebra with a normal faithful tracial 
state and with the QWEP. For 1 < p < oo, the following are equivalent: 

(1) L p (R) has the CCAP, 

(2) L p (R) has the CBAP, 

(3) L p (R) has the OAP. 

Proof of Theorem 1.2. Let G be a discrete group with the AP and let VN(G) have 
the QWEP. Then for 1 < p < oo, L p (NV(G)) has the OAP by Theorem 1.1, and 
thus has the CCAP by Proposition 13. □ 

Let G be a discrete group. Then there is a unital normal ^-isomorphic injection 
7T : VN(G) -> VN(G x G), which is defined by 

(4.1) tt(A(s)) = A(s) <g> A(s), 

and is known as the co-multiplication of the Hopf von Neumann algebra VN(G). 
The map tt is invariant with respect to the tracial states on VN(G) and VN (G x G), 
i.e. we have 

(4.2) (r ® t) o 7t(x) = t(x) 

for all x £ VN(G). We may use tt to identify VN(G) with the von Neumann 
subalgebra n{VN{G)) of VN{G x G). Since t ®t, restricted to tt(VN(G)), is 
again a normal faithful tracial state on ir(VN(G)), there is a unique r <£> r-invariant 
normal conditional expectation £ from VN(G x G) onto -k{V N (G)) (see p8[) which 
satisfies 

£{^2 a s ,tX(s) ® A(t)) = ^ a s , s A(s) ® A(s) 

for all £ M a S:t A(s) ® A(t) G V7V(G x G). If we let 

(4.3) p = ir- 1 o£: VN(GxG)->VN(G), 

then p is a normal complete contraction such that p o n = «rfyjv(G) > an d 
r ° p(y) — r ® T~(£(y)) = t (g) r(y) 
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for all y G VN(G x G). We note that 

(4.4) KOpo{K®K)~p 

on VN(G x G) since for every x = J2 s ,t a s,tX{s) <8> X(t) G WV(G x G) we have 
Kopo(K®c)(i) = k o p(^a S!f A(s _1 ) ® Afr 1 )) 

s,t 

S 

s 

The pre-adjoint map p* : A(G) — > ^4(G x G) is a completely isometric inclusion, 
and induces a complete isometry 

p* = (re* (8 «♦) o,),o Kt : L!(yjV(G)) -» L 1 {VN{G x G)). 



It follows from (4.4) that we may identify p* with p* and obtain 

(p*(ji(A( S )), x) = (ji(A(s)), p{x)) — t(X(s)tt^ 1 o £(ie)) 

= t (g) t(tt(A(s)).t) = ((ji (g) ji) o 7r(A(s)), sc) 
for all s G G and x G VN(G x G). This shows that if we let 

TToo = 7T|C; etf (G) : G red( G ) ~> G red( G X G ) 

and 

TTi = p* : Li(VN(G)) -> Li(V2V(G x G)), 
then (tTqo , 7Ti ) satisfies 

ti °ii = Ui o7r oo, 

and thus is a compatible pair of complete contractions from the compatible couple 
(G; ed (G),£i(WV(G))) into the compatible couple {C* red {G x G),L 1 {VN{G x G))). 
By complex interpolation, we obtain, for each 1 < p < oo, a complete contraction 

n p : L p (VN(G)) -» L p (WV(G x G)), 

which satisfies 

(4.5) 7r p (i p (A(s)) = i„(A(s)) ® j p (X(s)). 

On the other hand, we let 

Poo = P|c; ed (GxG) : G * ed {G xG)^ G* ed (G) 

and 

P! = 7r„ : Lx(WV(G x G)) -» L X {VN(G)), 

where 7r* = o 7t* o (re* ® re*). Then we may identify 7f* with 71% and show that 
(poo , Pi) is a compatible pair of complete contractions from the compatible couple 
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(C; ed (G x G),L 1 (VN(G x G))) into the compatible couple {C* ed {G),L 1 (yN{G))). 
By complex interpolation, we obtain, for each 1 < p < oo, a complete contraction 

Pp : L p (VN(G x GO) -> L p (VN(G)), 

which satisfies that p p o 7r p = id/, (yjv(Gf))- This shows that 7r p is actually a com- 
pletely isometric embedding from L p (VN(G)) into L p (VN(G x G)), and the range 
space TTp(L p (VN(G)) is completely contractively complemented in L p (VN(GxG)). 

Let T be a completely bounded map on L P (VN(G)). If VN(G) has the QWEP, 
Junge proved that T determines a completely bounded map id,L p (VN(G)) ® ^ 
on L p (VN(G x G)), which satisfies 

||^i p (VAr(G)) r|| cf) < ||T|| c6 . 

From this, we may construct another completely bounded map 

(4.6) T = ir p , o (id Lp{yN ( G )) <E)T)ott p 

on L p (VN(G)). We note that this construction is motivated by an argument given 
in [^0[ Theorem 2.1]. Using Theorem 1.2 and a similar technique used in [^0[ 
Theorem 2.1], we may obtain the following result. 

Theorem 4.4. Let 1 < p < oo. If G is a discrete group with the AP and VN(G) 
has the QWEP, then there exists a net of completely contractive finite-rank maps 
T a : L p (VN(G)) — > L p (VN{G)) such that T a — > ic?Lp(yAf(G)) wi ^ e point-norm 
topology, and for each a, 

T a (j P (X(s))) = Lp a {s)j p (X(s)) 

for some <p a in A C (G). 

Proof. With the hypothesis, we know from Theorem 1.2 that L p (V N (G)) has the 
CCAP. Let {T a } be a net of finite-rank complete contractions on L p (V N (G)) such 
that T a — ► irf_L p (yAr(G)) m the point-norm topology. Since j p (A(C[G])) is norm 
dense in L p (ViV(G)), we may assume, without loss of generality, that the range of 
T a is contained in j p (A(C[G])) (consider a small perturbation if necessary). Using 
(fi~6|), we get a net of completely bounded maps 

f a = IT*, O (id Lp (VN(G)) ®T a )oiT p 

on L p (VN{G)) such that ||f Q || c6 < ||T Q || c6 < 1. 

For each a, we let ip a be the function on G defined by 

= (r a (jp(A(a)), jXA^- 1 ))). 

Since the range of T Q is contained in j p (A(C[G])), we can write 
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for some ff G L p (VN(G))* and sf G G. Then it is easy to see that c/? Q has a finite 
support and thus is an element in A C (G). Moreover, we have 

because 

(f a (j p (X(s))), v(A(t))> = ((<d ip(V jv(0))®T , a)oTp(jp(A(«))) ) V tv(A(*)))> 

= P (A( S ))®T Q ( Jp (A( S ))), iy(A(t))®jy(A(t))> 

= (T a (i p (A( S )), v(A(t))r(A( S )A(t)) 

= (T a (j p (A( S )), V (A( S - 1 ))r(A( S )A(t)) 

= (Va(8)jp(A(«)), v(A(<))) 

hold for all s, t G G. This shows that for each a, T a — m tpa is a finite-rank multiplier 
map on L p (VN(G)). Since T a — > idj^ ^vn(G)) m the point-norm topology, we have 

= (T a (i p (A( S )), vCACs" 1 ))) -> P (A( S )), vCACs" 1 ))) = r(A(s)A(s -1 )) = 1 

for all s G G. This implies that T a — » id^ (yjv(G)) m t ne point-norm topology. □ 

5. Local Structure and Completely Bounded Schauder Basis 

In a recent paper pif , we studied the complemented OC p spaces and completely 
bounded Schauder basis for operator spaces. We recall that an operator space V 
is said to be a COC p space if there exists a constant A > 1 such that for every 
finite-dimensional subspace E C V there exists a finite-dimensional G* -algebra A 
and a diagram of completely bounded maps 

V 

r / \ s 

L P (A) -2+ L P (A) 

with ||r||c&[[s||c& < A and E C r(L p (A)). This definition is slightly stronger than 
the notion of OC p spaces introduced in O], 

A sequence of elements {x n } in a separable operator space V is a Schauder basis 
for V if every element x G V can be uniquely written as x = X3 n=1 o; n a; n , where the 
sum converges in the norm topology. It is well-known from Banach space theory 
that if {x n } is a basis for V, then the natural projections 

fc 

Pk ■ x G V — » a„x„ G spanjxi, • • ■ , x fc } 
n=l 

are uniformly bounded, i.e. sup{||Pfc||} < oo. We say that {x n } is a completely 
bounded Schauder basis for V if sup{||Pfc|| c b} < oo. It was shown in |2ij that if i? 
is an injective von Neumann algebra with a separable predual, then for 1 < p < oo, 
L p (R) is a COC p space and has a completely bounded Schauder basis. In general, 
if R is a von Neumann algebra with a separable predual and has the QWEP, it 
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was shown in for 1 < p < oo, L p (R) has the CBAP if and only if L p (R) is a 
COCp space (respectively, L p {R) has a completely bounded Schauder basis). As a 



consequence of this result and Theorem 1.2 (or Proposition 4.3), we can conclude 
the following result for discrete groups. 

Theorem 5.1. Let G be a countable discrete group and 1 < p < oo. If G has 
the AP and VN(G) has the QWEP, then L p (VN(G)) is a COC p space and has a 
completely bounded Schauder basis. 

It is known that for 2 < n < oo, the free group of n generators F„ is weakly 
amenable with A(F„) = 1 (see § and @|) and VN(¥ n ) has the QWEP (see §|). 
Then L p (VN(¥ n )) is a COC p space and has a completely bounded Schauder basis. 
In general, we wish to consider residually finite discrete groups with the AP. We 
recall that a discrete group G is residually finite if for any finitely many distinct 
elements s\, ■ ■ ■ ,s n S G, there is a homomorphism 9 from G onto a finite group 
H such that the elements 9(si), ■ ■ ■ ,9(s n ) are distinct in H. It was shown by 



Wassermann |41 that every residually finite discrete group G has the property (F) 
(see definition in (i^] and J25|), and thus its group von Neumann algebra VN(G) 
has the QWEP (see Kirchberg |2j| §7]). From this, we can conclude the following 
proposition. 

Proposition 5.2. Let G be a countable residually finite discrete group with the 
AP, then for 1 < p < oo, L p (VN(G)) has the CCAP, and thus is a COC p space 
and has a completely bounded Schauder basis. 

In the following let us discuss some examples of countable residually finite dis- 
crete groups for which the non-commutative L p (VN(G)) spaces are COC p spaces 
and have completely bounded Schauder bases. 

Example 5.3. Since the integer valued special linear group S'L(2,Z) is a closed 
discrete subgroup of SL(2, R), it is known from || that SL(2, Z) is weakly amenable 
with A(SX(2,Z)) = 1. This group is also residually finite since for any finitely 
many distinct elements Si,-- - ,s„ G SL(2,Z), there is a sufficiently large prime 
number p and a natural homomorphism 9 p from SX(2,Z) onto the finite group 
SL(2, *Z p ), where Z p = Z/pZ, such that the elements 9 p (si), • • • , 9 p (s n ) are distinct 
in SX(2,Z p ). 



Example 5.4. Let us consider the discrete group Z 2 xi S'L(2,Z), the semi-direct 
product of Z 2 by SX(2,Z). It is known from ||(J that this group has the AP, but 
is not weakly amenable. On the other hand, it is easy to see that this group is 
residually finite since we may consider the natural homomorphisms 9 p from Z 2 xi 
SX(2,Z) onto the finite groups Z 2 x SL(2,Z p ) for prime numbers p. 
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Example 5.5. It is known (by Borel and Harish- Chandra 0) that every arith- 
metic subgroup r of Sp(l, n) (with n G N) is a lattice of Sp(\,n), i.e. a closed 
discrete subgroup of Sp(l, n) for which Sp(l,n)/T has a bounded Sp(l, n)-invariant 
measure. In this case, T is weakly amenable with 

A(r) = A(Sp(l,n)) =2n-l 

(sec [jl9| and Q ) . Let Hj n t = Z + Zi + Zj + Zk denote the quaternionic integers 
ring, and let L„ denote the subgroup of Sp(l, n) consisting of all (n + 1) X {n + 1) 
matrices with values in Hi„t, which leave the sesquilinear form 

n 

Q{x,y) = y a xQ - 2J (x m ,y m G H mt ) 

m— 1 

invariant. Then L„ is a lattice of S|»(l,ri) such that A(r„) = A(Sp(l,n)) = 2n — 1 
(see 0] §6). Considering the canonical representations of r„ into the hnite ring 
M„ + i(Z p + Z p i + Z p i + Z p k) for prime numbers p, we see that T n is residually 
finite, and thus ViV(r n ) has the QWEP. 

Example 5.6. Let r„ be the lattice of Sp(l, n) discussed in (3), and let G = II„r„ 
be the discrete subgroup of the infinite product group Y[ n r«> which consists of all 
sequences g — (g n ) with g n G T n such that all but finitely many g n are equal to the 
unit element 1„ of L„ . Then for each n G N, we may identify the normal subgroup 

G n = {(&) : 9i = h for i > n} 

of G with the finite product group T\ x • • • x T n , and identify 

VN(G n ) = VN(Ti)®'- -®VN(T n ) 

with a von Neumann subalgebra of VN{G). Since {G n } is an increasing sequence 
of normal subgroups in G and G — (J G„ , we get an increasing sequence of finite 
von Neumann algebras 

VN(Gi) VN(G n ) ^ ■ ■ ■ ^ VN(G), 

which preserve the tracial states and have a weak* dense union \J n VN{G n ) in 
VN(G). Then there is an increasing sequence of (completely contractive) normal 
conditional expectations E n from VN{G) onto VN{G n ) such that £ n — > id V N(G) 
in point-weak* topology (and thus in stable point-weak* topology). 

It was shown by Cowling and Haagerup [Q] that the groups G n are weakly 
amenable with 

A(G„) = A(VN(G n )) = A(VJV(Ti)) • • • A(WV(r„)) = 1 • 3 • ■ ■ (2n - 1). 
Then we can conclude that 



A(G) = sup{A(G„)} = oo. 
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This shows that the group G is not weakly amenable. But G has the AP. This 
follows from the fact that any point u € VN{G)®M 00 can approximated by {(£„ ® 
idco)(u)} in the weak* topology on VN(G)®Moo, and for each n, VN(G n ) has the 
weak* CBAP (and thus weak* OAP). Moreover, for each n G N, G„ ~ Ti x • • • x T n 
is residually finite and thus G is rcsidually finite. This provides another example 
of a discrete residually finite group which has the AP, but is not weakly amenable. 
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